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Abstract
We develop the dynamics of the chiral superconducting membranes in a geo-
metric approach either making a Lagrangian description and a Hamiltonian point
of view. Besides, we show the equivalence of the resulting descriptions to the one
known Dirac-Nambu-Goto (DNG) case. Integrability for chiral string model is
obtained using a proposed light-cone gauge. In a similar way, domain walls are
integrated by means of a special ansatz. We compare the results with recently
works appeared in the literature.
PACS: 98.80.Cq, 98.80Hw, 11.27+d
1 Introduction
It is believed that cosmic strings are fundamental bridges in the understand of the
Universe formation. It is expected that may act as seeds for the formation of large
scale structure in the Universe. Besides of these, other kinds of topological defects
could form as a result of a symmetry breaking, like monopoles and domain walls [1].
When a charged electromagnetic eld interact with the Higgs eld, it is likely that arise
a current carrying along the membrane. Such currents present a permanent behaviour
and therefore mimic a superconductor. Superconducting strings are received a lot of
attention due to the relevant role played in cosmological studies. The detection of such
structures in the present time would provide signicant information on the rst seconds
after the Big Bang which will correspond to a great triumph for the theoretical physics.
For instance, superconducting strings could help to understand some ideas and eects
of the observational cosmology, e.g., the magnetic elds generated by the currents
carried by the superconducting strings could explain the observed magnetic elds in
galaxies in the present time.
Recently, the research on superconducting strings has been focused to a new variety
of such objects, namely, chiral cosmic strings. These objects present chiral vorton
congurations (maybe more stable than vortons of other kinds) [2, 3, 4]. The chiral
cosmic strings are the result of a U(1) symmetry breaking in supersymmetric models
in the presence of a Fayet Iliopoulos term, manifesting in a fermion zero mode along
the string [5]. In other words, the current along the string should be light-like. Up
to our knowledge, there is not a similar mechanism to explain the existence of chiral
domain walls.
The purpose of this paper is extend in a geometrical way the dynamical results for
chiral strings reported in [2, 3] using a Kaluza-Klein (KK) reduction mechanism [6] and
following closely the variational techniques developed in [7, 8, 9, 10]. Bearing in mind
the KK idea and, assuming our original background spacetime to be 4-dimensional, we
describe now our membrane with an extended embedding. From this assumption we
found that the dynamics of the chiral membranes resemble to a 5-dimensional DNG
case. It is often the case that while an existing theory admits a number of equivalent
descriptions, one of them suggets generalizations and simplicities more readily than
others. It is our goal.
Our membrane described by a higher embedding, exhibit a dynamics on the brane
caused only by dynamical deformations on the membrane itself. The equations of mo-
tion are a generalization of those of DNG type, i.e., the motion of the chiral membranes
looks minimal surfaces in a KK space. In addition, we have the current conservation on
the membrane which emerges as the remain equation of motion for the extra variable.
Furthermore, we describe chiral membranes from a Hamiltonian point of view taking
into account the results in [10].
The paper is organized as follows: In section 2 we develop the necessary mathemat-
ical tools for describe the superconducting chiral membranes, close to the geometrical
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developments achieved in [7, 9, 10]. In section 3, we present a simplied version for
the dynamics of chiral extended objects, in contrast with others approachs. In section
4 we specialize to the chiral string model reproducing the content of [2, 3, 4] and, we
found new integrability for such model using a light-cone gauge. In section 5 we found
integrability for a simple chiral domain wall model. A Hamiltonian approach for chiral
membranes is developed in section 6. Finally, we give conclusions of the work.
2 Geometry for Chiral Membranes
In this section we describe both the intrinsic and extrinsic geometry for chiral mem-
branes, i.e., possesing null currents on the worldsheet (! = γab ,a,b = 0), based
in the Kaluza-Klein approach achieved in [6]. The present development is close to
the conceptual framework made in [7, 8, 9, 10]. To begin with, we consider a rela-
tivistic membrane of dimension d, whose worldsheet fm; Γabg is an oriented timelike
d + 1-dimensional manifold, embedded in an 5-dimensional extended arbitrary xed








where  is an internal variable for the worldsheet, a; b = 0; 1; :::; d, and a are coordi-
nates on the worldsheet (d = 1 for strings, d = 2 for domain walls). With the former














where the prime denotes partial derivative with respect to the coordinates a. The













= γab + g44,a,b : (5)
The normal basis for the worldsheet is denoted by nµ¯ I which is intrinsically dened by
gµ¯ν¯n
µ¯ Inν¯ J = IJ ; gµ¯ν¯n
µ¯ Ieν¯ a = 0 ; (6)
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where I; J = 1; 2; :::; 5 − d. We can write explicitly the complete orthonormal basis,















where i take the values i = 1; :::; 4 − d. We write down the corresponding Gauss-







c −KIabnµ¯I ; (8)
Dan
µ¯ I = KIabe
µ¯ b + !a
IJnµ¯J ; (9)
where Da := e
µ¯
aDµ¯ is the gradient along the tangential basis, and Dµ¯ is the covariant
derivative compatible with gµ¯ν¯ . The extrinsic curvature K
I
ab along the normal basis is
dened as
KIab = −nµ¯IDaeµ¯b : (10)
The last expression is split as follows: i) For I = i we have, Kiab = −nµiDaeµb and, ii)




g44rarb, where ra is the covariant derivative compatible with
γab. The index (4) denote the direction along the normal n






is the connection associated with covariance under normal rotations. With respect to




, bKiab and evidently,
!a
(4)(4) = 0. Note that the mixed twist is constructed from the projection of original
worldsheet extrinsic curvature along the conserved current.
3 Chiral Membrane Dynamics
In this section we will show the equivalence between the chiral membrane dynamics
and the DNG dynamics in an extended background spacetime. The starting point for
discussing such dynamics is the DNG like action which is invariant under reparametriza-






where Γ is the determinant of the induced metric (5) from the spacetime by the em-
bedding (1) and 0 is a constant. The determinant is straightforward computed and
given by Γ = γ (1 + g44 !), where γ is the determinant of the induced metric on the





p−γ (1 + g44 !)1/2 ; (13)
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Observe that the resulting action from the DNG like action (12) from the embedding
(1) is the one for superconducting strings involving the Nielsen model, where L(!) =p
1 + g44 !. In other words, the superconducting string theory with the Nielsen model
is equivalent to DNG like action with the embedding (1).
An important issue that deserve attention is that of the equations of motion. We
want rebound here the geometrical framework introduced in section 2 in the attain of
chiral membrane dynamics. Using similar variational techniques to that developed in
[7, 9] we can nd the equations of motion from the action (12). It is worth mentioning
that this method is very advantageous because jut out the geometrical nature of the










p−Γ ΓabKIabI = 0 ; (14)
where we have only considered normal deformations to the worldsheet, I are the
deformation normal vector elds and Γab is the inverse metric of Γab given by Γ
ab =
γab − g44rarb. We can immediately read the equations of motion
0Γ
abKIab = 0 : (15)
Let is worth nothicing that these equations are the same as those arose for minimal
surfaces, namely, γabKiab = K
i = 0, [7]. In fact, in our description Γab play the role of
a metric. Let us now decode the several cases involve in the Eq. (15). a) I = i. The
equations of motion take the form,
0γ
abKiab − 0g44rarbKiab = 0 : (16)
In the generic superconducting membranes picture, the strees-energy-momentum tensor
adquires the form Tab = L(!)γab−2 dLdωrarb, where L(!) is a function of the square
current, !, depending of the particular models [13]. When the chiral current limit is
take into account, the quantities L(!) and dL=d!, adquire constant values. If we dene
g44 := 2(dL=d!)=L(!) and 0 = L(!), we can identify the Eq. (16) with the standard




ab = 0 = rara ; (17)
which is a wave equation for , corresponding to a conserved current carrying onto the
worldsheet for chiral currents.
4 Chiral String Model
With the purpose of make contact with previous works [2, 3], we specialize now to the
case of chiral strings. In the next section we will study the case of chiral domain walls.
We illustrate the chiral string model from a Lagrangian point of view.
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4.1 Gauge Choices
The presence of the gauge symmetry in a eld theory means that not all of the eld
components, X µ¯(a), are dynamical. In our case, the reparameterization invariance
allow us to choose a gauge in which the dynamical equations are tractable. Due to we
have considered a DNG like action, (12), we have the freedom of choice an acceptable
gauge condition. A convenient gauge is the well known conformal gauge,
p−Γ Γab = ab ;
where Γab is given by the inverse of (5). Following the standard string theory notation1,
we attempt to solve the chiral string model from (12), which is accomplished taking
into account the next form for the metric
γab =





i.e., this correspond to our gauge choice. In fact, this choice is equivalent to that
studied in [3]. To complement the calculation we write the inverse metric γab, easily
obtained,
γγab =
( p−Γ− g44 _2 g44 _0
g44 _ 
0 −p−Γ− g44 02
)
: (19)
Taking into account (19), the condition for chirality (! = 0) will take the form
_2 − 02 = 0 ; (20)
which is a condition for the internal variable in this gauge. The equations of motion
for the system, using the refered gauge, are obtained in a straightforward way from
that of DNG case, @a(
p−ΓΓab X µ¯b) = 0, namely, X¨ µ¯ −X µ¯′′ = 0 , whose solutions are




bµ¯( −). The conformal gauge imposes the following constraints
over aµ¯ and bµ¯, namely, aµ¯‘a‘µ¯ = 1 and b
µ¯‘b‘µ¯ = 1, where ‘ denotes derivation with
respect to its argument. These are the same conditions like in the DNG case but
now in the extended space. Explicitly they take the form j~a‘j2 + g44‘ 21 = 1 and
j~b‘j2 +g44‘ 22 = 1, where 1 and 2 are the last components of the vectors, aµ¯ = (~a ; 1)
and bµ¯ = (~b ; 2). However the condition (20) tell us that either 1( + ) = 0 or
2( − ) = 0 and we able to reproduce the results in [3]. The vorton states are
obtained when _Xµ = Xµ‘ i.e., ~b‘ = 0 and 1 = 0.
Recently, Carter and Peter [2] presented an alternative description and solution
for the chiral string model by means of a dierent gauge choice of that proposed in
[3]. This is an ansatz useful in the solution for transonic string model [2]. Now we
1As is well known, in such case the worldsheet is parametrized by the coordinates ξ0 = τ and
ξ1 = σ. The symbols . and ′ denote partial derivatives with respect to ξ0 and ξ1, respectively.
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reproduce the same result via a particular choice for the embedding of the worldsheet







where q and  are coordinates on the worldsheet and  is a constant of proportionality.
With this choice, the internal scalar eld is promoted as  = . In such case, and




















Using the last information we observe easily the condition for chirality to be
γηη = 0 : (25)
The corresponding equations of motion for (21) taking into account the gauge (22),
result in
@q@η X
µ¯ = 0 ; (26)
which have been recently developed in [2]. Now we turn to consider the light-cone
gauge over the spacetime coordinates adapted to our description.
When we study non-superconducting strings, it is well known that the orthonormal
gauge do not fully x the gauge because there is residual reparametrization invariance.
A favorite gauge choice that x the gauge and allow us to solve the constraints is
the light-cone gauge [15]. In string theory, this gauge is convenient for its quantization
because it allow us eliminate all unphysical degreees of freedom and unitarity is guaran-
teed. In other context, this gauge was used by Hoppe in the search for explicit solutions
for the classical equations of motion of relativistic membranes [16]. We shall use this
orthonormal light-cone gauge in the search of integrability for the chiral string model.
To proceed further, we assume the original background metric to be flat, gµν = µν ,
with signature (−; +; +; +) and the embedding (1). For the KK spacetime we dene










(X0 −pg44 ) ; (28)
~X = (X1; X2; X3) : (29)
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The light-cone gauge points  along X+,
X+ = X+0 + P
+  ; (30)
where X+0 and P
+ are constants. The idea is solve for X− leaving the X i variables,







where Γab is given by (5) and A; B = 1; :::; d, besides of
p−Γ Γττ = −1, we can simplify
the equations of motion, @a(
p−Γ Γab X µ¯,a) = 0 in the set of equations
DX µ¯ = 0 ; (32)
2P+ _X− = _~X  _~X + Γ ; (33)
P+X−,A =
_~X  ~X,A ; (34)
where we have dened Γ := det(ΓAB) = −Γττ and we have dened the dierential
operator
D := −@2τ + @A(ΓΓAB @B) : (35)
The Eq. (32) represents the equations of motion in this gauge, (33) and (34) are the
constraints relations for the system. Deriving with respect to  the Eq. (33), we can
rewrite it as P+DX− = _~X  D ~X; so if
D ~X = 0 ; (36)
(which we can observe from (32)), we get the condition DX− = 0. Thus, we have
reduced the problem to solve the set (33), (34) and (36). So far the results are general
for minimal surfaces of arbitrary dimension. Now we specialize to the case of chiral
strings. Besides of Eqs. (33), (34) and (36), the condition ! = 0 should be considered.
Using the stringy notation, the appropiate expressions are
Γab =
( − ~X 0  ~X 0 0
0 ~X 0  ~X 0
)
; (37)
with Γττ = −Γσσ. The equations of motion (36) transform in the wave equation:
D ~X = (−@2τ + @2σ) ~X = − ~¨X + ~X 00 = 0, whose general solution is given by
~X = ~a( + ) +~b( − ) : (38)
The constraints (33) and (34) adquire the form
P+ _X− = j~a‘j2 + j~b‘j2 (39)
P+X−
′
= j~a‘j2 − j~b‘j2 ; (40)
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where we have used the notation ~a‘ and ~b‘ to denote derivatives with respect to their
arguments. From the Eqs. (27) and (28) as well as Eq. (5), we can separate the metric
γab,
γab =
( − ~X 0  ~X 0 − 1
2




































)2 − (X−′)2]( ~X 0  ~X 0) = 0 ; (43)
from which is deduced that
X−
′
= (P+ − _~X
2
) : (44)
Plugging the Eq. (44) in the constraint (34) we get the conditions that should satisfy
~a and ~b in the chiral string solution, namely,
2(P+)2 = (~a‘ +~b‘)  [~a‘−~b‘ P+(~a‘ +~b‘)] : (45)
Thus, this equation suggest to consider some cases. For instance, if we assume P + = 1,
we get
1 = (~a‘ +~b‘)  ~a‘ ; (46)
which is dierent for the values for ~a and ~b reported in [3]. It is worthy mentioning
that the integrability for the last cases was reached in absence of electromagnetic eld
coupled to superconducting strings. From the equations dening X+, X− and the
contraints (39) and (40) we can nd the value for . Again the vortons states are
obtained when ~b‘ = 0 and in such case ~a satisfy the relation 2P+2 = ~a‘  [~a‘(1P+)].
5 Chiral Domain Wall Model
In this section applying a similar mechanism to that for conformal gauge chiral string
model we get integrability for a chiral domain wall model by means of a special ansatz.
For such intention, with all the former ingredients, we study a worldsheet described by
the embedding [1],

























,B and ΓτA = 0. We assume the special form for the embedding
(47), as
~~X = ~^n 2 + ~~X?(; 1) ; (50)
with the conditions on ~^n to be a unit vector and perpendicular to ~~X?. So, in this
conformal gauge we have the constraints
_~~X?  ~~X
0







? = 1 ; (52)
and the condition
p−Γ Γττ = −1. It is straightforward to demonstrate that Γ :=
det(ΓAB) = −Γττ . In this part of the work, . and 0 denote derivatives with respect to
 and 1, respectively.
Assuming gµν to be Minkowski and resting in the constraints (51) and (52), the













According to the standard DNG equations of motion, in our present case the corre-
sponding ones are promoted as ~¨~X? − ~~X
00




~~a(t + 1) +
1
2
~~b(t− 1) : (54)
The impose of the chirality for superconducting domain walls, lead us to the relation
j~~X?0j2(n4)2 = _2? − 00?2 ; (55)
where n4 is the four component of the vector ~^n. Furthermore, the constraints (51) and
(52) read as j~~a0j2 = 1 and j~~b0j2 = 1 or explicitly they are given by
j~a0j2 + g4402 = 1 (56)
j~b0j2 + g44 02 = 1 ; (57)
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where we have considered the notation ~~a = (~a; ) and ~~b = (~b; ), i.e.,
~~X? =
(










Plugging (58) in the condition (55), the chirality condition is expressed now as
‘ ‘[1 + g44(n
4)2] = (n4)2(1− ~a‘ ~b‘) : (59)
In a similar way as in the chiral string model case, the last equation suggest some cases.
For example, the solution considering n4 = 0 and  = 0 (or  = 0), correspond to a
straight superconducting domain wall with a carrying current arbitrary cross section,
but not including current along the 2 direction.
6 Hamiltonian Dynamics for Superconducting
Membranes
In this part of the work we want to make a Hamiltonian approach to the dynamics for
chiral membranes. Nowadays, canonical formulation is successully used as a starting
point for quantization but, also is used as a tool for tackle dynamical problems. Bearing
in mind the last use we review briefly the Hamiltonian framework already developed





p−γ L(!) ; (60)
where L(!) is a function depending of the internal and external elds acting on the
worldsheet. For canonical purposes we should split the action (60) in time and space.




where N is the lapse function and h is the determinant of the metric hAB induced
on the hypersurface t. The canonical Hamiltonian vanishes identically which stems










where we have defined a new lapse function N := N (1 + g44 ω)1/2/(1 + g44 ω¯)1/2 and H is the
determinant of the induced metric on the hypersurface Σt, HAB. Explicitly, it is given by H =
h (1 + g44 ω¯), where ω¯ = hABφ,Aφ,B.
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from the requirement of reparametrization invariance of the worldsheet. For this eld
theory, the constraints are given by













CA = µ µA +  ~DA ; (63)
where the kinetic momentum is µ := Pµ − Aµ. Here, Pµ and  are the canonical
momenta conjugate to Xµ and , respectively, and Aµ is a background electromagnetic
potential.
We turn now to search a canonical description for membranes with null currents in
like manner to that for canonical Dirac-Nambu-Goto case. To do this, rst we beneted
on the canonical approach previously sketched for reach the goal. We start directly
from the constraints governing the superconducting membrane theory because those
encode the geometrical information for such. For chiral membranes, the expressions
for L(!) and dL=! tend to constants c1 and c2, respectively, whose inclusion in the
constraints provide the corresponding constraints for chiral membranes,




:= gµ¯ ν¯Pµ¯Pν¯ +H c21 ; (64)
CA = CA jω=0 := Pµ¯µ¯A ; (65)
where H = h(1 + g44!) is the determinant of the induced metric HAB on t from
the embedding (1) (see the footnote 2) and we have used the expression dening the
momentum , namely,  = −2ph ! (dL=d!) [10], and we have dened g44 as the
quotient c1=2c2 and the extended momenta, Pµ¯ := (Pµ; ). Note the similarity of (64)
and (65) with the Dirac-Nambu-Goto constraints in the canonical language where c1
plays the role of tension of the membrane [11]. The preceding description show us
that the dynamical behaviour for chiral membranes is similar to DNG case, but their
internal structures are dierent. In fact, for the chiral string model it is an intermediate
stage between transonic string model [12] (possesing two internal degrees of freedom)
and that of DNG case (without internal degrees of freedom).
7 Conclusions
In this paper we have developed the dynamics of chiral membranes using geometrical
techniques. The resulting description has the advantadge of be more simple in contrast
to other works [2, 3, 4]. In fact, our scheme is resemble to DNG theory in ve dimensions
using a Kaluza-Klein approach. Integrability for both chiral string model and chiral
domain wall model was obtained using a simple ansatz. The full physical description
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